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Abstract 

X:'ASA is piaiinirig missioiis io the 1-iciniq- of the Sun-Ea-th L2 pcjint, 
i o x e  invohing a dis:ribr;td systcm of triescopc qmrecraf: , C D : ~ E ~ ~ C C ~  in 
a plane about a hub. Sewral sets of dizerential eqcations are nrriiren for 
ihe formation Eight of such t . e lecops  re!zTiw t.o the huh: xith im-yjng 
1e-t.els of iidelity. EEects are cas; as a.dditix-e peiturba.tiaiS t9 :lie circular 
icstricted thrcc-hod? piohlem, eqanded in trrms of the system distances, 
f,o ar. accuracy of 10-20 m. These include Earth's orbital eccent,ricit.y, hinar 
motion; solar radiation p i e s u e :  and sinall thrcsting forces. Sirnulatiom 
1-alidaticg the expanded di3eren:ial equations a.re presented. 

x-lS-4'~ Goddad  Space Flight Ceriter is piarming a series of missions in thfl i - i c i ~ t y  of 
the Sm-Earrh L2 libration point. Some of these proje.cts n-ill i cvol~e  a distributed space 
5.i-stem of telescope qacecraft acting together as a single telescope for high-resoiutioi. The 

plane ran be aimed ioward mrious astronomical targets of interest. Somind rnissiocs 1ocat.c 
the hub in a halo orbit.. ar distances of hiLm(?reds of' thousands of kilometers from the L2 
point. The individual telescopes are to be placed at. less than one hlomeier from the hub. 

Tilt present research continues the carlier ~ o r k  of Segerman and Zedd i l l .  In that 
pzper? the ckcii:ar iest.ricted three-body problem was used as a basis for t.he derivation of 
differential equat,iom v h c h  describe the motion of a typical telescope spacecraft relative 
t.0 a nearbj- hub. Following t.he approach of Richardson 12;: a rnocliiied Lindst,edt-Poinca& 
method TT-~LS used in order to develop an irncontrolled periodic solution for this rclative 
mot.ion: n-hich is a requirement. for maizi aining the telescope formation. The solut,ion 

.,-,A;--: L u ~  idual telescopes c-ill be confqxed in a plane, siirromdiiig a hub; ivliere the telescope 
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ixcluded liiiebr e Z e m  of :he hub motion aijout L.2: quadratic hub rriotioli effeects T;-ere ased 
t u  de~-&i, rclatioilsllips bet~rceii rile telescope fi.eque1ic.j- aiid amplitude. 111 tlle course  of 
that analj.sis, a halo-tJ-pe orbit o i  ilie telescope about the huh n-as chosen t o  provide periodic 
iiiotioii in the aperture plane Cornperison was niade be twen  the resulting relatil-e iiiotioii 
solution and a baseline iiuixerical solution of the full circular restricted equa.t,ioiis of iiiot,ioii. 

This research furthers the earlier aorl: b!- adding the increased fidelity associated n-itli 
perxrbatioiis to the circular restricted Three-body problem. Each of the perturbing effects 
is cast as additive pertiirba.tioiis LO ihe circular rest,ricted ecliiatioiis of motion. For ?,lie 
purpose of this analysis, these perturbations include the ellipticit,y of Earth's orbit about 
Sun, t,he orbiting Mooi i~  aiid solar radiation pressure. 

In coilsidcriilg the efiefect,s of the elliptical restricted prolilcIn, it is iiot,ed that tlie various 
rek is -e  motion 1-ect.ors v.-it.hin the threebody syst,ein are ordinarily functionally dependent 
upon Earth 's  orbital eccentricit,?.. To avoid this dependence, t,he vect.ors are defined relative 
t,o refcreiice positions of Siin, Eart)li. and L.2 aloilg the liiie of syzygy. Thcn; t,he relatitive 
equations of motion for an inch-idual telescope are expanded in t,eriiis of the dist,aiice of tlie 
hub from L2 as well as t,he dist,ance of the telescope from t,he hub. These expansions are 
vL5tteii so as to  include all terms n-hich cont.ribute a.t the 10-20 meter level or a.bo1.e. Explicit, 
liiiear cont,ribiitions of Earth's orbital eccentricity arc ret>aiiied; higher order contribiirions 
are excluded. as being below the prescribed l e d  of fidelit-,y. 

For the inclusioc of the lunar contribution. expansioiis of the \-ect,or forces are formed. 
here involving the sinall-scale distance oi a relescope from the hub, as compared to  the larger 
scale of dist,aiices of the lunar motion xithin the Suii-Earth system. -4gain. the expansions 
are truiicat,ed in a fasliioii consistent n-ith the previously stat,ed fidelity level. 

Solar radiation cont.rihut,ioiis are iiicluded as well. These terms include the effect,s of 
possible eclipses resulting from \-arious geometric configuratiuiis uf the sj-sten:. This effect is 
iiicluded both for coiiiplet.eiiess arid n-it.li t h e  asxareiiess t1ia.t it may be possible to  activell- 
adjust. t-lie spacecraft attitude iii ordcr T.O use tlie solar radiatioii prcssux :is p r t  of a:? 
orbital coiitrol scheme. 

Fiiially, the f!qllari~Jn? arc n-ritt.en to iiicl!idc the presence of small bod>.-fiscd t,!iriistiiig 
ibrces, Ivhicli are assumed to  be used as part of tlie orbit cont,rol. 

Siinulatioiis ivere conduct,ed, comparing numerical iiit,egration of the various r e s u l h g  
sets of diffei-eillid ecluaLioiis 17-itii iiuiiierical iiitegralioii of tlie f~il l? uiiexpaiided diEcreIitia1 
equations. These simula.t,ions have been used to  verify t.he validity of' the  e x p a d e d  equa- 
tions. Soiiie of tlie results of these comparisons are presented. Studies of the so1ut.ioii's 
sensit,i\-ity t,o errors iii hiib posiition knoi:.lccl~e are also disciisserl. 

EQUA'I'IUNS O F  MOTION 

Circular Restricted Three-Body Problem 

111 the prcliiiiiiiary piiase of this research [I] , tlie geiieral sccond order difiereiitial equatioiis 
of motion were coiistructed for an object near the Sun-Earth L2 libration point, using the 
force model of the classical circular restricted three-body problem. In t,his model, Eart,li is 
treated as being in a circalar orbit about :he sun, the spacecraft iiiass is coilsidered to be 
iicgligible as coinpared t o  tlic two p r i i i i ; ~ r i c y  a.i?r! Q ~ I J  nniiit-ixiss r ,nrz-,-itatiu::n! f ~ r  
considered. 

For this s!-st,riii. depicted in Fig1,irc 1 the diffcreiitinl eqiiations of motion for ai l  ohjcct, 



I I 

I barycenter I 1  
I, I D1 . I -  D2 I I 

7 
I. 

Figure 1 Coordinate Axis Definition 

r: = T-ector fror3 L.2 ~ C J  object i 

p1 = solar Kepierian constant 
pq = t,errestrial Keplerian comtant (Ezth - 11oon) 

p1.1 = dist,ance fro= Sun t,o object i 
pzl = distance from Earth-Moon bar)-centcr to object i 
ze = distance horn system tlarycenter to  L.2 

D1 = dist,auce fro= system barycenter to Sun 

D2 = dis tnxc  fi-on-: systan bar>-ceiitcr to Eart!l-"\.IooIl i>ari-c.eIiter 
x = --..:& L L I ~ I L  ;,ect,or parailel to Suli-Eart.l-1 line of s ~ r q - g - .  

pointing in Sun-t,o-Earth direction 
R = terrestrial mean motion about Sun (assumed comt,antj. 

The coordinate frame of figure 1 is a rotating reference frame irith origin 0 at :he 
q s t e E  hzrl.ce2ter. The S - k ?  - . . r . r . -  L L -  c..- ----% 

0 p u 2 s  du,,, Lilt d u i - ~ a i u  h e  uE sj-zg-g- and the z-afis 
is pxal le l  t,o the syst.em angdar momentum: the y-xiis completes the dex*ral coordinake 
system. 

Let rh and rt denote, respectively: t.he vector from L2 :O the hub and io  a telescope. 
Therefore; i f r  is the vector from the hub t o  the telescope, Clie differential equation of motion 
for the telescnpe relative to the hub is 
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E 11 i p t ic a 1 Rest, r i c t e d Three-  B o d y P r o h 1 e 111 

The extension t.o Equation (1) is i i o ~  developed for the case of the elliptical restrict.ed tliree- 
body problem. First. it is iiecessarj- t,o locate the point n-hich is ana!ogous to  the libration 
point L.2 in the circiilar restrirted problem. -4s n-odd bp espcct,cd. s l~ch a point. e>:ist,s; as  

rhe Sun-Earth distance 1-aries, the iocatioli of the point oscillates along the z-axis. 

Elliptica.1 Problem Libraiion Point Analog. Say that there is an elliptical analog t,o 
the L2 point. and that  its position relative to the (assumed inertial) syst,em barycent,er is 
given klj- 

R, = x,? t T J ~ P  z,s 

Lte:tiiig f refer to  the t r u e  alionialy of Earth's orbit. a.bout, the sun: the coordinaie s>-st,ern 
lias angiilar velocity 

Ld', = f2: 

wliidi lion- is coiisidered t,o 1 ) ~  \:ai.ying tlirougliout, the year. Differeiitiating R,. 

5, - .fYe 

where the column \;ector notatioii is used t,o indicate the syz vect.or coinponeiit,s. 

Smi aiid Earth is given by 
Tile Yen-tonian grarit,atioixl force per unit mass acting on a n  object at, this poiiit !I). 

F,/nz = 

where 

and D1 and 0 2  nov refer to  the time-varying locations of sun and Earth along the line of 
S?-Z!'Q. 

Clearly: as in the circular restricted case, the z equation is decoupled, and adinits a 
solution z ,  = 0. If; as aiiticipa.ted, t,he desired solution involves ye = 0. the TC and y 
c.:oiiiponciits of the fGI'Ce-&ccClcr2~tiOii cyuatioii 1)ecoixic: 



n-here D is the rar)-ing Sun-Earth distance D1 i D2. Of course: unlike t,he case of' the 
circular restrict,ed problem. this dist.aiice varies throughnnt the year. Substitution for .f in 
the y-coinpoi.ierit equation gives 

p j 2  = constant 

Taking t h  positiw root,. this gi-ms t.he dcSnition of y as 

3 5 ,  - 0 2  

D .  
-. = - 

In the case of :he Sun-Earth sj-st.ez1, is approximately 0.01007824: I, varies betv;em 
1.436 u 10' aad 1.536 >: io5 1;;; t.hmug1isut. the  course of the year. 

Relative Motion Equation Derivation. 
.ystcn harrmnter (point, 0 )  to  sprzcrcmft i .  Rrfcrrinz.a%r?in i o  Figire 1 ., 

Let Ri denot,e the position i w t o r  5oni  the 

D iBer ent i a t iils. 

The dist.ance ice and its time derivatives may be writ,t,en in terms of the r-asying Sun- 
Earth dist.aiice D and its deriyatives, using the follon-ing defini:ions of the constalits -, and 
p., arid t.he associated relationships: 

n7he:e 

Theii. 

A cr2 p = -  
/I 

P 

p = p1 + p.2. 
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Similarly, tn-o-hod). relationships mag' be used t,o write D and D in teriiij of and s. 
Usiiig t,he tn-o-body equations of motion for the si111 (could iise Earth):  

This gives the coiiipoirient equations 

Sulmituting into Equa-cion (2).  the acceleration becomes 

hit r o ciucing t lie two- b o ci>- for cea . 

Substituting into Equation ( 3 )  

In the roTatiiig frame. r, aiid its ti111e deril-atives are gix-en by 

G 



a 

R. = TCk - r, 

R, = .ffe3 I r? 

R. = --.f27?? j s , ~  - ri 

and p .  7, = 'e - 1 - p ) D  Xgam using the defilnlious of 
Using this form of the acceleration. 

(I A' =! 

'I] Dk. 
F2h. 

I r ~, 
' 3 :  

Lunar Gravitational Effects 

This section discusses ilie luxar conxibntion 70 the telescope ~ o i i ~ a  rekti-ce t o  the hut. 
i e r w  corresponding i o  rhe gravitaiii;fia; icirce of the moon upon the hub and telesco?o 
s?acecra2 x e  included in the relative equations of motion (telescope relatii7e to  hub). The 
resulting coiitrilutiou is then cast as au  additiye pexturhatim t o  the elliptical restricted 
thee-body problem equatiow? such that n-hen the lunar motion is ignored, t,he coiitribution 
re-irerts to the lxmar mass placed at the E x t h  position. The ~ O G U  is treated as a point mass. 

t.lie hub or a telescope, and let 163 denote the lunar Kepler-iaii const ant. Thcx lmiar force Ter 
unit mass on spa,cecraft i is then given by 

T 

-%s S ~ : G X ~  i:: F;g-ze 2, let psi ;'ne vscior f o m  t.he iii00il LO sp'acecra~, i; either 

ic, j 

Therefore. the contribution to  :he ecjuaiions of morion of the telescope ielat1i.e t o  the hub 
15 
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Figure 2 Coordinate Axis Defiiiitioii (including hloon) 

Solar Radiation Pres su re  Effects 

The pressure froiii solar radiarioii imparts a relzti \dy tiny force on a telescope spacecraft. 
Depending upon spacecraft design aiid distance frrom the sun. the force can perturb both 
the spacecrafts's at.titude and orbit. The force can also be harnessed t,o beneficiallj- propel 
 lie spacecraft,. The model preseiitcd here prm-idcs thc force on a spaceci-aft; accoiunting for 
the force reduction n;lieii t,he spacecraft, orbits through t,he t.errestria1 shadow. 

-4t a d ish ice  p l t  froin the sun, the solar flus I (the irradiance) acting on  the spxecraft  
is give? bj. . .  

n-here 
7 (I L = 3.5-13 Y io-  \vat:s 

is the solar lumiiiosit; (total emitted radiation). 
If A is die cross-sectional area of a spacecraft of inass m projected noriiial t o  the 

spacecraft-Sun h i e ,  then the so1a.r radiarion force Fi per unit mass a.cting on the spa.c:ecraft, 
is 

C&-1 1.019s x 101V&4 

47imcp:, rnp:t 
??/unit, inass, - - Fs = 

where c is the speed of light aiid 0 5 CR 5 2 is t,he paramekr characteristic oft,lie reflect,iT-it,j. 
of the spa.cecraft surface facing the sun: 

CR = 0 translucent. 
C, = 1 perfcctlj- aljsoi-bent; 

Cn = 2 perfectly reflective. 

For a t:-ajectorg c-liicii passes tliroagh XIS- portion of Earth's sliadm: the i d 1  disk of 
tile sun will be partiall!, obscured. In the viciiiitJ- of L?; this n-ill occii.r a t  &stances norza! 
t,o the line of syzj-gj- of a,ppror;iinatel)- 13,420 kin or less. 111 such ca.ses, the f o r e  expression 
a b m ~  nxist, bc sc:alcd b!. a "liimiiiosit,y rcdiictioii factor" CT xliicli raiigcs from zero (total  
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Spacecraft Thruster Effects 

This section presents ?,he incorporat,ion of t,hc e%cts of body-nmiiited thriisters in t,he 
equat.ions of motion. 

First, the body-ked accelerat,ion components imparted by the t,hriisters are given as 

where F,, F,: Fz ULT~ :lie COliipoliCiits of TllC t h u s t  F:i:rllst ill t h c  bod:\l-fi>:ed fIa11ic: m. is ?,lie 
I-ehcle mass. 

Consider an arbitrary aligiiment of 2 body-fixed coordinare frame n-ith respect t o  the 
rfitafing z: y. z frz2-c. This bociv-fixed xi,. y ~ , .  z;, roordinatc Erainc has irs origin at  the 
spacecraii. s inass cenzer. 

The componerks of thryat expressed in :he bod;: frame must be t,ransformed into the 
;nTating referelice frame in ordcr t.o c:orrect!y incorporate rhcsc forms into t h p  dcscription 
of the inoxion. This tramformation is eqressed a.5 

where T is the transformat,ion mat.rir: formed 2s a combination of Euler rotations. 
It is somen-hat easier to vis:dize the indi;-id>.ia! rct  aiioiii by coosidering t.hc in~-czse 

rotation description, rotating instead fr-osi the rcitating reference frame io  thet fired in The 
spacecra3. By first a.sunir?g the cDixideEt a!igzmei,,i of both t i e  body frame and the 
rotzting reference frame, the inverse transforniation matrix T-: is t,hen a cornbinaTion of 
Euler rot,atioils tlirouzll a sct of Eiilcr ai~gles: 

1. first. rot,at.e angle (v - fj about the ' b  axis; xt-here f = j : t  - t o )  

2. second, rot,ate angle 0 about the new orient.ation of the 35 a x i s  

3. third, rotate angle o about. nex orient,ation of :he xh axis 

Combine the sequence of rotations a.s h l lom n-ith a right-to-lef: ordering of t.he rotation 
matrices as 

0 

0 
= T;~~~~T~;~(Q)T=-~(~! - j ) .  - I  

n-here the functiom c and s represent cosi:ie a.iid sine. respectii-elJ-; the rotation nlat.ris 
7;' rcfcrs to  thc rquired Eiilcr rotation il::tti-ix aboiit thc i;,-asis. Finally. thc rlcsired 
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The force eynations derived abov-e are non- combined. The resulting equa.t,ioii models tlie 
elliptical restrict.ed thrce-body problem, iricorporat,iiig luiiar., solar radiation, a~icl tlirust 
perturbations. 

Coxbining the ~xpressions of this sect,ioii, given by Equations (4): (6).  and (8). along 
with the tlirnsi expressions above. the differentia! equations o f  motion of :lie teksccJpP aye 

giyen b y  

n-here U;' = y' + f .  The corresponding equations for the hub a.re 

These expressions premult5pl!; the t,hrust force per unit inass acting upon tlie t,elescope 
spacecraft. 

5 o t e  that typical accelerations due to  thrust and solar radiation pressure are se\-eral 
orders of magiiit,iicle smaller t,lian those due t.o terrestrial and solar grai-ity. It is not.eivortliy 
that solar radiation pressure can be used for orbit control because the force from solar 
radiation pressure may be coinparable t.o that from a t,hrust,er suite. 

Summary 

lunar 

SRP 

I 
1 

thrust I 
] E33B 

lunar 1 
} SRP 

Coinbiiiing the re!&t.iI-e motioii expressions of this section (Equa,tioiis (5) and (7j), along 
n-it11 the solar radintioii presslirc of Eqiiation (8) and  the mrlicr thrust ~ x p r t s ~ i o i i ~ .  thr 
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- !'3 (3 - s) lunar 1 

In :he II?-XISi or &2ii21 nissians; there ma!- or may no: be an a c x a l  hub spacecraft. 
located at the aperture's cenrer. itegardless, it is necessarj- to  treat t,he hcb as a ceiit~ral 
reference point fzx iocz~ing the posi~ioiis of the indii-idual t,elescope spcecra5.  Hoii:eT-er: 
unlike the gra:-it,ational forces preselit. the ? o h  radiayion pressiire effect upon a spacecraft 
vi-ith aciual ma3s and area is substantid as compared t,o that upon a "phantom" hub. 
Therefore, for pxrposes of s indat ing th? solsr radiation presswe: the hub "spacecraft" is 
treat,ed as haieng the saae physical cliaiact,eristics as t,he t.elescope. In this manner, t,he 
huh is iriaintaiiied as aii adequate refereiice for the position c;f the telescope. 

-4n example is presented in order t.0 permit comparison of the relative contribution of 
the terms t o  the telescope motion. T5e initial conditims are listed in Table 1; t.he)* r,-ere 
raken from t he  exampies discussed in the earlier phase oi the research. -4s mentioned in 
that paper. these i-alues A-ere selected so as to excite only The oscillatory linear modes. The 
relei-ant physical constarits are presmt.ed ic Table 4 helov;.;: the  computed value of D may 
be foound in Ta.ble 3. 

Figure 3 de.pic;s t h e  ~ 1 ? l T , i O l i  7.0 nwxerical inregra:im of fmir rliffw-cnt force mode!s 
se:ac:ed fro:x %e sa;>l::>ai-y eqxt ioi i  abo;-e. TLe models ivsre applied t.cr bot: the hub and 
t.elescope. and the result.ing state vectors yere differenced in order t.o determine t.he posit.ion 
of ;he telescope relatiye t o  the hub. In each case, the same force model il-as applied t,o both 
die  hub and telescope. _4ddit,ir~liall~.. the same i-aliie of the refer.ence distalice D was used 
for all force models. 

Tne solutions are displayed relative to the circular restricted model solut.ion, which is 
obtained by including the elliptical restrict.ed model (ERSB) t,erms, but n-it,h Earth's orbital 
cccciitricit.!; treated as being zero; t.liis duplicates the model discussed ix the earlier research. 
The other models depict.ed in Fi,m-e 3 represellt. the addt,ion of ellipticity (ER3E), lunar, 
a i d  solar radiat.ion (SRP) effect.s 0-ier 20 days. It, is noted that  the ellipt,ical contribution 
proi-ides t h e  doninant perturbation T.O the circular resyricted solution. In t.his example, 
shonld the l-ien-izg ~f a scientific target be linjxed to  no more t!;an 10 da:,-s: the, perturbation 
due to the elliptical contribution is Ies5 thas 1 111. 

The ef€ects of t,hrusters are not siiiiulat.ed here. due to the last. ~ncertainties of force 
i b o t h ni a g ni t 11 de a nd direct i on ) n n d di i r at ion . 

- 
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Table 1 
Exaiiiple Initial Conditions 

/ I  i i ~ l j  

/ I  (state re]. 
to L,?) 

-227,219.419 

-250,000.000 
0.0 

0.0 
25.625.039 

0.0 
500 
0 

150 

telexope i t.elescope 
(stat,e rel. (state rel. 

to L2) i to  hub) 
-227,219.453 I -0.064'780 

-249,999.974 0.026445 
0.0 0.0 

25.625.044 0.004421 
0.0 0.0 
500 

1.50 I 

0.0 I 0.0 

Figure 3 
Effects of Perturbations o n  Relative Distance - Full Equations 

E XPAXD ED E Q U AT1 0 IY S 0 F A I  0 T IO N 

Circular Res t r ic ted  Three-Body P r o b l e m  

In the preyious research [ 13 Equation (1) vas  expanded t,hrough terms which are linear in 
the coordinabes of r and no inore than cubic in the coordinates of riI. 

The acceleration vect,oi r may be writ,ten relative to a. rotating coordinate sj-stei-ii which 
rotates at tlic coiistant arigular rat,c R allout. tlic z-axis iioriiial t,o the  eclipt,ic, aiid n-it11 tlic 
3 direct,ion as pre\.-iously defined. This $\res 
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Table 3 
Along-Ellipsoid EEect of Sun-Earth Perturbation on Solution (90 days) 

! 16.7 
j 289.3 
I 115.5 
1 47.4 
j i . 9  

I 

Retaining terms n-l-iich contribute T O  apgro,;imately 20 m; again through linear terms in 
the re1atii.e motion 2nd cubic terms in the hub pozition, results in the eqanded/truncated 
di,rftrential equations 
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S~E:T ~01;siile:- the leh  side (1: i j p  r l i 3  

-jy - Z(j - 17& - (j' - 
fx + ?(j - 7 7 . , j ~ :  - ( j 2  -- i l O j  

i - ?n(,G - nC2x  

0 

In this expanded form: the first vector teriii represents the acceleration x-hicli appears in 
die circular restricted problem (n, refers t,o the Iiieai-i Iiiotioii of the circular. restrictred 
Earth orbit). The second vect,or term gives the perturbation ivliicli is added by iiicludiiig 
the elliptic restricted eEec.t,s. The pert,iirbation term is t o  be expanded in terms of  tlie 
eccentricit,>- e of Earth's orbit (z 0.017j. In keeping with the earlier magnitude ordering, it 
is estiiiiatcd that it is sufhcieiit. to retain oiily coiitri~~utions which are at  most, h icar  iii e:  
as er is approximatel>- 8.5 in. 

Sa\- that the circular restrictsed problem takes D as being the reference \-due 0. Then. 
:,lie corresponding iiiean motion is nc = Jm. KG-~V: in tlie ellipTic rest,ricted pro13iem, 

If D is chosen to  be The semi-major axis ii: then 71 = 72,. -4lternativel!-, if D is taken as the  
1-iicaii Siiii-Earth distzmce u(  1 f e ' /2 ) ,  t,he linear ccccnrricity approximation st,ill allon~s 7 1  t c  . 
b e  appro?:iniateci b>- T ~ ~ .  

iiiaied by 
Using two-bod37 reiationships: aiid linearizing in e,  the tiine--.wj-ing is now approxi- 

DiEexei-itiatiiig. 
f' z -2enC2 sin c 

Usin2 these results in the perturbiiig Tector of Equation (10) gives 

Lunar Gravitatioiial Effects 

Consider t,he lunar force given above 1iy Eqiiat.ion (7). It. is desired t,liat this contribution 
1~ expressed in rerms of the position of the t,elescope relative to d i e  hiib. Let the lwt,or r 

--1-+;..- c 1 TL -..- c--- 3g,2i:: re!r :2 thc 1 - L a b ,  $ i; , C,G.,LU ,L, - pL-'.>'"v" I l , G L C L " L G >  



Using this formulation to  perfornz a binomial expansion of Equation (7) ; using Equat,ion (1 1) 
to substitut,e for P ~ ~ :  and expanding t.hrough linear terms in T gives 

It is preferaSle t,o treat rhese ierms as a.n addirive perturbation r.0 the equations of 
:he elliptical restricted. Three-bod>- problem. r2ss:;nie that  :he baseline elliptical restrict,ed 
__ u-obleui - 
Earth-Moon haryeenter. Therefore. the e>:?ansion of Equation (7) should cont,ain the lunar 
mntrihntion t o  this combined inass along ;i-itli term= 
:I:srion abos: The bar>zen:er. -A'icccirdingly, Epuation (12) ma!' iie ri.n-ritt.en as 

cont.aks an object with combined :errest:id and lunar m&ss, located at the niezn 

Because the T.wtor p2;, vias uscd in the earlici analysis. it is r.Gll~~enicni to  n-ritc &h as 

a-liere renz refers to  the lunar posi~ion r e k i r e  to  tlie incilii barycentcr. Using a Lcgxidrc 
pr,l:-nomia! expansion. the inr-erse .~f the magnitudp of p3h is giyen 5-!- 

Expariding through t,erriis liriear in T,,,., ~ and suhstituziiig in Eyuatiori (13) ~ 

Examination of Equation (14) indicst,es t.hat the form of the first t.erm in F, is ident.ical 
to  the corresponding terrestrial term derived in :he earlier work. The only diEerence is that ,  
here; the mass coeEcient, is p.3 rather than p2. This terin represents the egect. of a lunar 
iiizss collocated with t.he t,errestrial iiiass; the remainder of F,,, represents the effect of the 
lunar motion nhout E,arth. The first teri21 PXY he d d e d  to the earlier nml; simply by 
replacing pz n-ith p:, - p,3 in  the relaiil-e equatiom of motioii for tlie elliptical restricted 
t iirc;+?-bod!- p r o b h i .  

1.5 
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where 7 and D are constants as pm-iousl!; defined. The square of the magnitude of plh is 
given bg: 

2 -  
P2h - P2h 

L J 

r h .  Once again, inverse powcrs of /JZh are fooriiied using 
through h e a r  teriiis in ~1~ arid substituting. Fr,! becomes 

(15) 

-\gain: a rough estimate of the contributions T1ia.t the 1-arious perturbing contributions 
make to the solution is presented. -4s n r a s  done for the inclusion of the eliipticit,y, the 
perturbing terins are treat.ed as modii;-ing the linear frequencies - that is, the coeificient 
of T in the perturbing acceleration. After 90 dal-s: the effects of tlic dominant, luzar tmns. 
conraining various p m - e r ~  of t,lie rclci*ant ~;?riahlcs; are givcn in Tahlc .3. 

Table 3 
-4101-ig-Ellipsoid Eifect of Lunar Perturbation o n  Solution (YO days) 

rrem 
0.6 i TT,,-.. . _ , , r  

rr i !  Tern j 0.9 1 

The force equat,ions derived a.boT.e are now coiiibiiied: repratii.ig the models for solar radia- 
tion pressure and thrust. The resulting equation models t h e  espaiided elliptical restricted 
thrcc-body pmbleiii. incorporating lunar .  solar radiation, a n d  thriist pcrti~rhations.  Tlic 
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The foiioiviiig example permits comparison of t,he re1a:ive coiitribution of the terms 
i o  the relescope nzotion. The irllt,id conditions are t,he saiile as those presented earlier in 
Tahie i. .Xs ill FiSiire 3: Figure 4 presents the solxtion t.o four different force models selected 
froin the relatii-e motion suniniary equation aboi;e. T'l-here hub positioii is reqiiired, it n-as 

ser;ar;lte i:iiegrat.ion of The hll, uiexparided ha11 equations fro111 t h e  previous 
section. using the same force uodel as for the relatii-e mot,ion. 

Once again: ihe reference solution is represeiited in the figure bl- the x-axis. This refers 
i o  the circ'di'ir 1esirict.d i~iodel case. ?-he other models depict,ed in Figure 4 i-e?TeSenT the 
addition of ellipticity !ER.3Bj, lunar; and solar radiation (SRP) effects o-bTer 30 days. Solar 
radiation is agaiil treated as being applied to  both the t.elescoTe and to either a real or 
phamoni spacecraft a i  the hub, x-iih the same physical characteristics as the t,elescope. 

C!ENSiTITd7iTY T O  ETC/TE POSITION EzwGR 

One area of concern to mission planners involves t.he 1irnitat.ions of a.ccura.cy in knowledge 
of rlie Iiub po3itio:i. In particular; as the rehtive motion equations are dcpendent upon the 
hub position, it is irnport,ant. to understand horn- sensitive the relative motion solutions are 
t.o errors in the hub position. To address t h s  issue, a detailed linear Tariational analysis 
was performed, clearly denionst,rating that t,he ermrs in klescope position r e l a t i ~ e  to the 
huS, based sii hicn-ledge h ~ b  position to appmsiinateli- 1.7' kii.1. are suificient~l!. small 
that. they m-aj- be igiiored. 

For one test case. the iiiitial 
condii,ions of Table 1 wci-c iiscd here A.S a noixiixl set of init.ial coiidirioiis for the hiib and 

Sei-era1 zalii1>!e tesrs of this beba-b-ior m r e  co::duct,ed. 

17 



Figure 4 
Effects of Perturbations on Relative Distance - Expanded Equations 

telescope. The integration TVELS then performed with ihe hub offset from it,s nominal initial 
st,at.e 13~8 1 kin in each directional component. This n-as to  simiilat,e an initial error in hub 
position. -1s seen iil Figure 3: the telescope position relatii-e t o  the hxh difkrs froin T i i f  

riorriirial case by iriilliiriet,ers o:'cr 40 clays 

Figure 5 
Relative Motion Error Caused by 1.7 k m  Initial Hub Position Error 



SUMMARY AhTD CONCLUSION 

This report details the further work describing the formation flj-ing betn-een spacecraft near 
the Sun-Earth L2 libration point. beginning with the circular restricted three-body problem 
for the hub motion about L2. 

These analyses develop the elliptical restricted three-body problem from previous work 
with circular problem [l]. The earlier in-depth work with the circular restricted problem 
was used as a basis from which to address the following perturbations: 

0 elliptical orbit of Earth-hioon about Sun 

0 lunar gravitational effects 

d a r  radiation pressure effects 

a thrusters on vehicle 

These were incorporated as additive perturbations to the circular restricted three-body 
problem with expansions of wr3-ing leifels of fidelity. For use as a baseline, the equations of 
motion were first de\-eloped in their full nonlinear form; then. they were expanded through 
appropriately small contributions. The equations were implemented through their coding in 
a MATLAB simulation. One example was presmted using the earlier identification of valid 
initial conditions that excite only oscillatory motion in the linear modes. The results shown 
in Figures 3 and 4 demonstrate the dominant perturbstion due to  the elliptical motion of 
Earth about the sun. In this example. the perturbations due to lunar and solar radiation 
pressure are negligible. Overall, the figure indicates that during the typical 5-day science 
obserl-ation of this example, these perturbations contribute less than 1 m of relative position 
difference. The proposed electric propulsion should have little trouble maintaining position. 

The e-qanded circular and elliptical portions of the full niodel through terms which 
are linear in the coordinates of the telescope position relative to the hub and no more 
than cubic in the coordinates of the hub position relative to  L2 are presented above. The 
derivation describes the magnitude of the various terms and why some were truncated. 
Additionally, the lunar gravity model W;LS expanded and some terms truncated due to very 
small perturbations u?on the motion. As before, the perturbations due to the elliptical 
motion of the Earth about the Sun are dominant. Again, lunar and solar radiation pressure 
effects are negligible. 

This work’s uniqueness stems from its complete description of the primary perturba- 
tions to  the relative motion between nearby spacecraft. In the course of the analysis. the 
dominance of the perturbing effect of the eiiiptical motion of the Earth about the sun was 
identified and versed. Contributions due to  lunar gravity and solar radiation pressure are 
nearly negligible in the chosen examples. 
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P2 
cL2 

cL3 
-4u 

e 
n 
Y 

CONSTANT PARAMETERS 

132,7 12,440,017.987 km3/s’ 
398,600.4415 kin3/s2 
403,503.236 km3 /s2 

4,902.8003 kin3 /s 
149,597; 870.69 1 km 

1.000001018 AU 
0.01670862 

0.01007824 
0.199106385 x1OP6 rad/s 

Table 4 
PHYSICAL CONSTANTS [3] 

(E-M bary. = Earth-Moon barycenter) 

gravitational parameter, Sun alone 
gravitational parameter, Earth alone 
gravitational parameter, Earth-Moon 
gravitational parameter, Moon alone 
astronomical unit 
mean E-M bary. distance from Sun 
eccentricity of E-M bary. orbit about Sun 
mean motion of E-M bary. orbit about Sun 
L:, distance ratio 

Table 5 
COMPUTED VALUES AND COEFFICIENTS 

Sun-Earth dist,ance 
gravitational coefficients 

(see Equation (9)) 

I 
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